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Abstract
Let F be either an algebraic number field or a p-adic field and A a central simple algebra over F .
Suppose A is spanned by a multiplicative semigroup Γ ⊂ A with the property that the minimal
polynomial of every g ∈ Γ splits over F . Then A represents the trivial class in the Brauer group of F .
 2003 Published by Elsevier Inc.
1. Introduction and statement of results
Brauer’s theorem on splitting fields [4] asserts that given a finite group Γ of exponent n
every field of characteristic zero, containing a primitive nth root of unity, is a splitting field
for Γ . We notice that this result can be stated in the following form which is meaningful
for not necessarily finite (semi)groups and arbitrary fields:
Suppose a central simple algebra A over a field F is spanned by a finite group Γ ⊂A∗
with the property that the minimal polynomial of every g ∈ Γ splits over F . Then A
represents the trivial class in the Brauer group of F .
That this result is valid for finite groups in positive characteristic as well follows from
[6, Proof of Corollary 7.11, p. 148]. It is an open question whether this result can be
generalized to the case when Γ ⊂ A is a multiplicative semigroup. So far, there have been
positive results in this direction only for particular fields F : the case F =R in [8], the case
when F is a subfield of R in [11], and the case F =Qp in [1]. The purpose of this paper is
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J. Bernik / Journal of Algebra 266 (2003) 162–168 163to extend the results in [1] to the case when F is either a p-adic field, i.e., a finite extension
of Qp, or an algebraic number field.
If F is a p-adic field, one can deduce from the results in [1] that the case when Γ ⊂A is
a multiplicative semigroup actually reduces to the case when Γ ⊂A∗ is a compact group.
The main result of this article is, therefore, the following theorem:
Theorem 1. Let A be a central simple algebra over a p-adic field F . SupposeA is spanned
by a compact group Γ ⊂A∗ with the property that the minimal polynomial of every g ∈ Γ
splits over F . Then A represents the trivial class in the Brauer group of F .
The proof of Theorem 1 is given in the last section of this article and is based on the
results in [13] and particularly in [9] on the structure of compact subgroups of semisimple
linear algebraic groups over local fields. To be more precise, using the constructions and
results from [9] we show in Section 3 that a semisimple linear algebraic group G over a
p-adic field F , containing a Zariski dense compact subgroup Γ with the property that the
minimal polynomial of every Adg, g ∈ Γ , splits over F , is F -split (cf. Proposition 6).
Once Theorem 1 is established, the next result follows easily.
Theorem 2. Let A be a central simple algebra over either a p-adic or an algebraic number
field F . Suppose A is spanned by a multiplicative semigroup Γ ⊂A with the property that
the minimal polynomial of every g ∈ Γ splits over F . Then A represents the trivial class
in the Brauer group of F .
Proof. Consider first the case when F is a p-adic field. The same argument as in the
proof of [1, Theorem 6] reduces the semigroup case to the compact group case. Now apply
Theorem 1.
Suppose now F is an algebraic number field. By Hasse–Brauer–Noether–Albert
theorem (see [12, Theorem 32.11]) it is enough to show that the algebra AP = A⊗F FP
represents the trivial class in the Brauer group of FP , the completion of F with respect
to P , for all places P of F .
Now, if P is a finite place, then FP is a p-adic field and AP represents the trivial class
in the Brauer group of FP by the above result.
If P is an infinite place, then either FP =C or FP =R. In this latter case AP represents
the trivial class in the Brauer group of R by [8] and the proof is complete. ✷
2. A reduction
Let A be a central simple algebra over an arbitrary field F . Suppose A is spanned by a
group Γ ⊂A∗ with the property that the minimal polynomial of every g ∈ Γ splits over F .
In this section we consider the reductions one can perform on A and Γ that do not affect
the equivalence class of A in the Brauer group of F . Let H be a normal subgroup of Γ and
F(H) the F -subalgebra, generated by H . Then Γ acts on F(H) by conjugation.
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Proof. The first statement is the well-known Clifford’s theorem (see [5]) so we prove the
second. Let F(H) M1 ⊕ · · · ⊕Mn be the decomposition of F(H) into direct sum of
simple algebras. The action of Γ on the set {M1, . . . ,Mn} is equivalent to the action of
Γ on the set {e1, . . . , en} of mutually orthogonal minimal central idempotents in F(H).
Since the sum of all the different idempotents in the orbit of e1 is a central idempotent
in A, this action is transitive. All the summands are thus isomorphic. We will now show
that M1 is a central simple algebra over F . Let H1 be the image of H under projection
on the first summand M1. The latter is clearly generated by H1 over F . Observe that the
elements of H1 still have the property that their minimal polynomials split over F . Now
let E be the centre of M1. This is a finite field extension of F and we want to show
that E = F . Let g1, . . . , gm ∈ H1 be an E-basis of M1. Since the reduced trace on M1 is
nondegenerate, there is a mapping ϕ :M1 →Em defined by ϕ(x)= (tr(xg1), . . . , tr(xgm))
which is an isomorphism of vector spaces. But for every g ∈H1 we have ϕ(g) ∈ Fm ⊂Em
and consequently this holds for the whole algebra M1. This is possible only if E = F
which completes the proof. ✷
Keeping the notation we set C = CΓ (e1) the centralizer of e1 in Γ and Γ ′ = Ce1.
Then Γ ′ is a group in the central simple algebra e1Ae1, which is Brauer equivalent to A.
For any g ∈ Γ , g /∈ C, we have ge1g−1 = ej , j = 1, and, therefore, e1ge1 = 0. The set
e1Γ e1−{0}, which generates e1Ae1, is equal to Γ ′. It is clear that the minimal polynomial
of every element in Γ ′ splits over F . We can, therefore, replace A and Γ with e1Ae1
and Γ ′.
Assume now that F is a local field and Γ a compact group. Then Γ ′ is compact as well,
since it is a homomorphic and continuous image of the group C which is closed in Γ .
For dimensional reasons this process must stop at some point, so we have proved the
following:
Proposition 4. The equivalence class of a central simple algebra A over a field F ,
generated by a multiplicative group Γ ⊂A∗ with the property that the minimal polynomial
of every g ∈ Γ splits over F , is represented by a central simple algebra B , generated by
a multiplicative group Γ ′ ⊂ B∗ with the property that the minimal polynomial of every
g ∈ Γ ′ splits over F and that every normal subgroup of Γ ′ generates a central simple
algebra over F .
If F is a local field and Γ a compact group, then Γ ′ is compact as well.
It should be noted, however, that a nontrivial situation where Γ is compact can only
occur if F is non-archimedean. For in case F = C the Brauer group is trivial and there is
nothing to prove, and if F = R, then Γ has exponent two and is, therefore, commutative,
so in this case we have A=R.
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In this section we prove some preliminary results that are needed in the proof of
Theorem 1. As mentioned in the introduction, we use the results in [13] and particularly
in [9] on the structure of compact subgroups of linear algebraic groups over local fields.
We refer the reader to [2] for general results in the theory of linear algebraic groups.
Throughout this section we fix a p-adic field F . For a semisimple linear algebraic F -group
G we denote by Gad its adjoint group, which is an F -group as well. Recall that a
semisimple F -group is F -simple if it does not contain any nontrivial connected normal
F -subgroup. If G is an F -group, then there is a natural F -structure on its Lie algebraL(G).
We denote by EndF (L(G)) the F -space of linear endomorphisms of L(G) that preserve
this F -structure, i.e., are defined over F . We denote by Ad the adjoint representation of G.
This is defined over F if G is an F -group and for g ∈G(F) we have Adg ∈ EndF (L(G)).
For a semisimple F -group G we identify Gad with the image of G under Ad. If F ′/F
is a field extension and G is a linear algebraic group over F , then G×F F ′ denotes the
F ′-group obtained by the base field extension.
Proposition 5. Let G be an F -simple linear algebraic group and Γ ⊂ G(F) a Zariski
dense compact group with the property that for every g ∈ Γ the minimal polynomial of
Adg ∈ EndF (L(G)) splits over F . Then the following holds:
(1) There exists a closed p-adic subfield E ⊂ F and an absolutely simple adjoint E-group
H such that H ×E F ∼=Gad and AdΓ ⊂H(E) is open in H(E).
(2) For every E-torus T in H the torus T ×E F splits over F . In particular, G is F -split
and absolutely simple.
(3) The field E is a proper subfield of F and F =Qp .
Proof. Let A ⊂ EndF (L(G)) be the F -algebra spanned by AdΓ which is clearly a
compact subgroup of Gad(F ). The Zariski density of Γ in G and the fact that the adjoint
representation in characteristic zero is irreducible together imply that A is a simple algebra
over F . Let K denote its centre. Then K is a finite field extension of F and we want to
show K = F . As in the proof of Lemma 3, the reduced trace on A gives an isomorphism
of A and Kn for some n, but since for every g ∈AdΓ it takes values in F we have K = F
as desired. As a consequence we see that G is absolutely simple.
We now proceed with exactly the same construction as in the proof of [9, Theorem 0.7]
where we refer the reader for details. Let E ⊂ F be the minimal closed, i.e., p-adic,
subfield of F that contains the set {tr(Adg); g ∈ Γ } and B the E-algebra, generated by
AdΓ . It follows that B is a central simple E algebra and we have B ⊗E F = A (see
[9,13]). Let H denote the Zariski closure of AdΓ in B∗, the multiplicative group of B
viewed as algebraic groups over E, and observe that the Zariski closure of AdΓ in A∗ as
an algebraic group over F is naturally isomorphic to Gad. It follows (see [9, Theorem 0.7]
for details) that there is a natural F -isomorphismH ×E F ∼=Gad so H is absolutely simple
adjoint since this properties are preserved under base extension. By construction we have
AdΓ ⊂H(E). The fact that it is an open subset of H(E) is proved in [9, Theorem 0.7].
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Zariski dense in T (see [7, Proposition 2.5.3, p. 56]). By the condition that the minimal
polynomial of every Adg ∈∆ splits over F it follows that ∆ can be diagonalized over F ,
so T ×E F is F -split. In particular, this applies to any maximal E-torus in H , so Gad and
consequently G are F -split.
Since any semisimple group over a p-adic field E contains a non-split E-torus (see [10,
Theorem 6.21]) it follows that E must be a proper subfield of F . In particular, if F =Qp,
then the situation described in the proposition cannot occur. ✷
We now extend this result to the case when G is a semisimple F -group. Recall that
an adjoint semisimple F -group G can be written as ∏ni=1 Gi where each Gi is F -simple
adjoint.
Proposition 6. Let G be a semisimple F -group and Γ ⊂G(F) a Zariski dense compact
group with the property that for every g ∈ Γ the minimal polynomial of Adg ∈
EndF (L(G)) splits over F . Then the following holds:
(1) There exist proper closed p-adic subfields E1, . . . ,En of F and absolutely simple
adjoint groups Hi , defined over Ei respectively such that Gad ∼= ∏ni=1 Hi ×Ei F ,
AdΓ ⊂∏ni=1Hi(Ei), and the projection of AdΓ to each simple factor is open in
H(Ei).
(2) The group G is F -split.
(3) The field F is a proper extension of Qp.
Proof. One only needs to observe that the projection of AdΓ to a simple factor of Gad is
compact, Zariski dense and retains the property of the minimal polynomials. Now apply
previous proposition to every simple factor. Finally, Gad, and consequently G, is F -split
since it is a product of F -split factors. ✷
It should be noted, however, that AdΓ need not be open in
∏n
i=1 Hi(Ei). Indeed, there
may exist indices i = j and an isomorphism of algebraic groups Hi ∼= Hj over a field
isomorphism Ei ∼= Ej such that the image of AdΓ under projection to those two simple
factors is contained in the graph of the resulting isomorphism Hi(Ei)∼=Hj(Ej ).
4. Proof of Theorem 1
We are now in a position to prove Theorem 1. Let A be a central simple algebra over F
and Γ ⊂ A∗ a compact group with the property that the minimal polynomial of every
g ∈ Γ splits over F . According to the reduction described in the Proposition 4 we may
assume additionally that the F -algebra spanned by any normal subgroup of Γ is central
simple over F .
Let G denote the Zariski closure of Γ in A∗, viewed as an algebraic group over F . Then
G is defined over F as well as its connected component G0. This latter group is reductive
because of the irreducibility of Γ . So we may write G0 as an almost direct product of its
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Let Γ1 be the intersection of Γ and G0. Then Γ1 is compact and Zariski dense in G0.
If it is trivial, then Γ is a finite group and the theorem follows by Brauer’s theorem. We
assume, therefore, that Γ1 is not trivial. Let B be the F -algebra in A spanned by Γ1. Since
Γ1 is normal in Γ , B is a central simple algebra over F by our assumptions. The Zariski
density of Γ1 in G0 implies that B coincides with the F -algebra spanned by G0(F ). It
follows that T , if not trivial, has dimension one and T (F )= F ∗ under identification of F
with the scalars in A.
Next, we consider S. If it is trivial, then Γ is centre-by-finite and again the theorem
follows by [1, Proposition 1]. Note that this is what happens if F =Qp. So we assume that
S is not trivial. Since (Γ1,Γ1) is Zariski dense in S, it follows that Γ2 = S∩Γ is a compact
Zariski dense group in S. Observe also that in this case the algebra B is spanned already
by Γ2 and by S(F ) as well. We can now apply Proposition 6 to see that S is F -split,
since the property that the minimal polynomial of every g ∈ Γ2 splits over F is clearly
preserved under the adjoint representation. It now follows from [3, 12.3] that the central
simple algebra B represents the trivial class in the Brauer group of F .
Consider the centralizer C of B in A. By the double centralizer property it is a central
simple algebra over F and we have A∼= B⊗F C. To prove the theorem we must show that
C represents the trivial class in the Brauer group of F as well.
We now use [5, Theorem 51.7] to see that every g ∈ Γ can be written in the form
gB ⊗ gC, gB ∈B, gC ∈ C,
where both gB and gC are determined up to a scalar multiple and the mapping g → gC
can be viewed as an irreducible projective representation of the finite group Γ/Γ1 on C,
and the mapping g → gB as an irreducible projective representation of Γ on B . Recall
that for each g ∈ Γ the element gB ∈ B is defined in such a way that the conjugation by
g on B coincides with the conjugation by gB on B . The conditions on Γ imply that the
eigenvalues of this conjugation as a linear transformation of B belong to F . It now follows
that the eigenvalues of gB either simultaneously belong to F , or they are F -multiples of an
element α /∈ F . Obviously, the latter case can occur only when tr(gB)= 0, where tr denotes
the trace on B . Since Γ1 is absolutely irreducible in B , there exists an element h ∈ Γ1 such
that tr(gBh) = 0. Note that the element gC remains unchanged under replacement of g
with gh. It follows that we can select representatives g1, . . . , gn of Γ/Γ1 in such a way
that the eigenvalues of giB belong to F , i = 1, . . . , n. Consequently, the eigenvalues of the
elements giC belong to F as well. The elements g
i
C generate a centre-by-finite group in C,
so C represents the trivial class in the Brauer group of F by [1, Proposition 1] and the
proof is complete.
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